We report the superconducting transition temperature T c vs. thickness d F of Ferromagnet/Superconductor (F/S) bilayers, where F is a strong 3d ferromagnet (Ni, Ni 0.81 Fe 0.19 (Permalloy), Co 0.5 Fe 0.5 ) and S = Nb, taken from superfluid density measurements rather than resistivity. By regrouping the many physical parameters that appear in theory, we show that the effective exchange energy is determined from the F film thickness d F where T c vs. d F begins to flatten out. Using this rearranged theory we conclude: 1) the effective exchange energy, E ex , is about 15 times smaller than measured by ARPES and 5 times smaller than deduced in previous studies similar to ours; 2) the dirty-limit coherence length, ξ F , for Cooper pairs in F is larger than the electron mean free path, ℓ F ; and 3) the 3d-F/Nb interface is enough of a barrier that Cooper pairs typically must hit it several times before getting through. The Py/Nb and CoFe/Nb interfaces are more transparent than the Ni/Nb interface.
I. INTRODUCTION
There is a great deal of interesting physics involved with Cooper pairs that are introduced into ferromagnets (F) through the proximity effect.[e.g., 1 ] Hallmarks of this physics include an overall exponential decay of the order parameter into the ferromagnet on a much shorter length scale than in nonmagnetic metals, oscillations in the order parameter that accompany the exponential decay, and possible generation of spin-triplet Cooper pairs, which are not as strongly affected by the ferromagnetic exchange energy as s-wave pairs are. Naturally, much work has focused on the remarkable qualitative features of order parameter oscillations and spin-triplet pairs. The present work focuses on the quantitative issue of the effective exchange energy, E ex , experienced by s-wave Cooper pairs in strong 3-d ferromagnets.
We take a critical look at effective exchange energies that are deduced from the simplest experiments, namely, measurements of T c vs. d F in S/F bilayers involving 3d ferromagnets. We present our own results on Nb/Ni, Nb/CoFe, and Nb/Py (Permalloy) bilayers, where T c is obtained from superfluid density measurements rather than resistivity, which is the standard method. Previous similar studies have found that E ex is about equal to k B T C , where T C is the Curie temperature.
For example, Sidorenko et al. 2 studied Nb/Ni bilayers, Aarts et al. 3 studied V /V 1−x Fe x bilayers, and Kim et al. 4 studied Nb/Ni and Nb/CoFe bilayers. The latter already emphasized that k B T C is several times smaller than measured and calculated values of exchange energy, so it is not so surprising that we find the effective exchange energy felt by Cooper pairs in F to be smaller by another order of magnitude.
Available theory ignores the fact that F has strong electron correlations, and that densities of states and Fermi velocities of spin-up and spin-down electrons generally differ. Thus, as emphasized by Tagirov, 5 the quantitative accuracy of theory is suspect. However, maybe it is accurate, if we can figure out what density of states and Fermi velocity to use for F. There are experimental results that guide us, e.g., ARPES yields Fermi velocities in pure Ni and in alloy Py, and finds no difference between spin-up and spin-down bands. 6 We analyze T c vs. Fermi velocity, and bulk resistivity of Nb are reliably found in the literature. For 3d ferromagnets, the literature on these properties is less extensive than for Nb, but it is sufficient to place a reliable lower limit on the effective density of states at the Fermi level. Also, it provides Fermi velocities.
The single most important materials parameter is the ratio of densities of states, 2N F (0)/2N Nb (0), because it alone is needed to determine E ex from the data. As a check on the overall reasonableness of the fit parameters, we expect to find that Cooper pairs in F must hit the F/S interface at least a few times in order to get through. After all, one "hit" is required even if the interface is perfectly transparent. Differences in Fermi velocities plus a bit of disorder and interdiffusion at the interface should bump up the required number of hits to at least a few.
II. THEORY
In this section we examine existing theoretical results with two purposes. First, we want to show that the basic physics involved in T c vs. d F for S/F bilayers can be understood pretty clearly by imagining that the s-wave cooper pairs in F are formed of time-reversed electronic states, (opposite momenta and spins), just like they are in S, so that electrons in a pair have energies that differ by the effective exchange energy. That this viewpoint works is surprising because theory is formulated in terms of Cooper pairs of equal-energy electrons (at the Fermi surfaces of spin-up and spindown electrons). Second, we want to make notational connections between different formulations of theory that have been employed by different experimental groups in fitting data. For example, Houzet and Meyer (HM) characterize the F/S interface with a specific resistance, R b , while Tagirov uses a transmission parameter, T F , that runs from 0 to infinity. We will see that R b is equivalent to 2ρ F ℓ F /3T F , where the "rho-ell" product is:
Physically, the suppression of T c in bilayers is determined by the net flux of Cooper pairs out of S. A typical pair moving around in S occasionally bumps into the S/F interface, and, after a few bumps, it transits into F where it dephases at a rate E ex / due to the energy difference between electrons in a Cooper pair. We emphasize that E ex represents the effective exchange energy felt by the pair. While in F, the pair occasionally bumps into the F/S interface. Unsurprisingly, theory finds that when F is thin, pairs simply bounce ballistically back and forth between the two surfaces of F, each round trip having a length of about 3d F . After a few bumps, and if the dephasing angle Γ F ≡ ∆tE ex / has not exceeded about π during the time ∆t that the pair has lingered in F, then the pair returns to S weakened, perhaps, but not broken.
It is sufficient for our purpose to compare the notation of Houzet and Meyer (HM) formulation of dirty-F theory with the more general formulation of Tagirov which covers the range from clean to dirty F. We begin with the HM version of the equation for T c as a function of the complex pair-breaking rate, 1/τ S , which depends on Γ F , and thereby on d F : 7 
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where Ψ(x) is the digamma function. We use this equation to fit our data, but for simplicity we restrict the present discussion to F/S bilayers in which the suppression of T c is small. In this case, Eq. 1 simplifies to:
There are many ways to express 1/τ S in terms of parameters like coherence length, ξ S , and resistivity, ρ S . Using various free-electron relations, we choose to write is as:
ρ F in Eq. 3 is the resistivity of F. 
2τ tun,S is the time a typical Cooper pair spends in S before jumping into F, when S is thin. 8 It sets the scale for pair-breaking because it is the net pair-breaking rate if none of the pairs returns from F to S before breaking. The appellation "tunneling" arises because Eq. 4 also describes pair-breaking in superconductor-insulator-normal metal tunnel junctions. [9] [10] [11] There is ambiguity in the resistivity ρ F in Eq. 3. Is it the in-plane resistivity which involves surface scattering and scattering from grain boundaries and misfit dislocations, or the resistivity perpendicular to the film, which seems perhaps more relevant to diffusion of electrons into F.
Rather than spend time discussing this point, we avoid it by eliminating ρ F from the theory.
At this point we pause to compare with Tagirov's theory, as simplified in Sidorenko et al. 2 .
Tagirov's equation for T c is the same as Eq. 1, but with 2πT c0 ρ in place of 1/τ S , where ρ =
and an expression is given for φ tan(φ). (As noted above, we are substituting "ξ F0 " in place of "ξ F " in Tagirov.) When pair-breaking is weak, which is the case considered in this section, φ is small, and Tagirov's expression for φ tan(φ) immediately yields φ 2 . Using this, Tagirov's version of 1/τ S becomes:
where
The similarity with HM Eqs. 3 and 4 is obvious. We note only that 2ρ F ℓ F /3T F in Tagirov is equivalent to R b in HM. The transmission coefficient T F runs from 0 to infinity, corresponding to R b running from infinity to 0. As a practical matter, differences in
Fermi velocities between S and F, plus a bit of lattice-mismatch disorder and interdiffusion at the F/S interface mean that we can expect T F to be less than, say, 1/2, so that Cooper pairs must hit the F/S interface several times before getting through.
Returning to HM, ferromagnetism enters through the factor multiplying 1/2τ tun,S in Eq. 3. This is where the dependence of T c on d F emerges. In the thin-F regime, d F ≪ ξ F , the tanh in Eq. 3 equals its argument, and the following simplification results:
We identify this expression as the dephasing angle, Γ F , of a Cooper pair because it is the dephasing rate, E ex / , times the dwell time in F, i.e., the time, ∆t ≈ 4d F /v FF , that a typical pair takes to bounce off the back of F and return to the F/S interface, multiplied by the typical number of hits needed to get through the F/S interface, ≈ 3R b /2ρ F ℓ F . 5, 12, 13 From this equation, we see that ξ F0
is the distance a Cooper pair travels in F while accumulating a dephasing angle of unity:
allow us to express Γ F in terms of only E ex and the density of states, 2N F (0):
where 2τ tun,F = 4N F (0)e 2 d F R b has the same form as 2τ tun,S , but with 2N
Thus, 2τ tun,F is the time a typical Cooper pair spends in F before jumping back into S, when F is thin.
Putting this all together, Eq. 2 for T c (Γ F ) becomes: 
Below we argue that a reasonable lower limit on this ratio is unity for Nb and 3d transition element ferromagnets.
We now turn to the final thick-F crossover where T c becomes completely independent of d F .
Physically, this crossover occurs at the thickness where nearly every Cooper pair that encounters the back of F is broken before it can get back to the F/S interface even once. In the clean-F regime of theory, this occurs about when 2
we believe is more relevant to experiment, Cooper pairs that hit the backside of F get there by diffusion. In that case, the time required to get to the back of F and then back to the F/S interface 
For Γ F > 1, this expression yields a slightly smaller pairbreaking rate than Eq. 8, hence there is a slight increase in T c as Γ F increases to its ultimate, thick-F value.
The most important part of the foregoing section is that theory provides a simple way to obtain 
III. EXPERIMENTAL RESULTS AND DISCUSSION
HM theory assumes that S is thinner than the superconducting coherence length, ξ S . Rather than compare thickness with the measured ξ S , which we believe is artificially shortened by surface scattering, etc., we rely on experimental evidence to argue that our films are thin enough that the theory applies. We do this by showing that the tunneling pair-breaking rate given in Eq. 4 applies for Nb films as thick as ours. Figure 1 shows T c vs. d S for symmetric Ni/Nb/Ni trilayers with 17 nm ≤ d S ≤ 52 nm, from Moraru et al. 14 We fit the data by treating the trilayer as two independent bilayers, each with S thickness equal to half the Nb film thickness, and each in contact with an infinitely thick Ni film. We use the full theory, Eqs. 1 and 3. The good fit (gray curve) confirms the qualitative prediction that 1/2τ tun,S ∝ 1/d S , as expressed in Eq. 4, over the entire experimental range of thicknesses.
Quantitatively, the best-fit value, R b = 2.7 f Ω · m 2 , compares well with the value, R b = 3.5 f Ω · m 2 , obtained by direct measurement of the Nb/Ni interface resistance. 15 We used Γ F = 4 in the fit, per arguments in the preceding section, but the best-fit value of R b is insensitive to this choice as long as Γ F ≫ 1. The fitted curve in Fig. 1 comes from Eq. 1 with: 1/τ S = Values of 2N CoFe (0)E ex differ by 50%, while values of ξ F are the same, Table I . Now we turn to the key quantitative issue -the effective exchange energy. To get experimental values for E ex , we need to interpret the total density of states, "2N F (0)", that appears in the freeelectron theory. Two choices come to mind. In a theory that included ferromagnetic conduction bands, we might expect to find that 2N F (0) is replaced by the total density of states, N F↑ (0) + N F↓ (0), of majority and minority spin densities of states. Experimental total densities of states for Fe, Co, and Ni range from 1.54 to 2.07 / eV-atom. 23 Thus, at an accuracy appropriate for present purposes, the total density of states is about 1.8 ± 0.3/eV·atom = 1.7 ± 0.3 × 10 29 /eV·m 3 for all three F layers. On the other hand, it is conceivable that in a better theory the smaller of N F↑ (0) and N F↓ (0) would create a bottleneck of sorts, and "2N F (0)" would be replaced by two times the smaller of N F↑ (0) and N F↓ (0). Tunneling 24 and point-contact Andreev reflection 25, 26 experiments both find that the ratio of larger to smaller density of states in 3d ferromagnetic metals is about 2.4±0.3. In this case, "2N F (0)" would be about half of the total density of states, i.e., about 0.8 ± 0.15 × 10 29 /eV·m 3 . We take this as a reasonable lower limit on the effective total density of states in F, which yields an upper limit on E ex . Authors that have found exchange energies much larger than those reported here have, in effect, used an F density of states much smaller than that used here, among other differences. Table I shows that effective exchange energies are about a factor of five smaller than k B T C , [T C = 627 K, 27 871 K, 28 and 1600 K, 29 for Ni, Py, and CoFe, respectively.] In fact, the values for TRL/Hinton films are each approximately 14% the quoted T C . This is our main result. For comparison, exchange energies obtained from ARPES are several times larger than k B T C , about 0.25 eV (2900 K) for Ni and Py, and more than 0.5 eV (> 5800 K) for Co. 6 One naturally wonders whether our small experimental exchange energies imply an unreasonable value of some other quantity. Consider the transparency of the F/S interface. If we use Fermi velocities from ARPES (given in the Table; experimental values are the same for majority and minority spins), we find: ξ F0 ≈ 25 nm for Ni, 13 nm for Py, and 11 nm for CoFe. Given that the first crossover in T c vs. d F occurs at d cr F ≈ 1.5 nm for all three bilayers, these values of ξ F0 imply that Cooper pairs must hit N ≈ ξ F0 /3d cr F times, i.e.: 6, 3, and 2 times for Ni/Nb, Py/Nb, and CoFe/Nb interfaces, respectively, in order to get through. Alternatively, we can estimate N from: N ≈ 3R b /2ρ F ℓ F , a relationship discussed above, with ρ F ℓ F = 3/2N F (0)v FF e 2 . We find: N = 7, 3, and 3, respectively, for Ni/Nb, Py/Nb, and CoFe/Nb. The factor-of-two difference in Fermi velocities between S and F guarantees that more than one hit is necessary, so these numbers seem consistent with realistic, clean interfaces.
In this regard, we note that Aarts and Geers studied Fe/Nb/Fe trilayers 30 and V/V 1−x Fe x multilayers. 3 They also concluded that transmission probabilities were significantly smaller than unity. Aarts et al., 3 found a high transparency for the V/VFe interface, but only when V 1−x Fe x was mostly V.
Consider the electron mean free path ℓ F in F. Sidorenko et al. obtain ℓ F ≈ 1.8 nm in Ni. The short mean-free-path is necessary to account for the small amplitude of the oscillation in T c that they observe. They offer an explanation for why the effective ℓ F deduced from T c vs. d F might be much shorter than values commonly cited for 3d metals, which they note range from 5 nm to 30 nm. 31, 32 We also find short mean-free-paths, obtained from our experimental ξ F : ℓ F ≈ 3ξ 2 F /ξ F0 = 1.5 , 3.7, and 2.5 nm for Ni, Py and CoFe, respectively. In our case, the short ℓ F is necessary to account for the minimum in T c occurring at such a small thickness, d F . Our use of HM theory relies on F being "dirty": ℓ F < ξ F0 , which is satisfied.
Sidorenko et al. deduce ξ F0 = 0.88 nm in Ni from their fit. They do not give an exchange energy, but if we use v F = 0.28 × 10 6 m/s for Ni, this implies E ex = 200 meV, which is much larger than we find (16 meV) when we fit their data. Part of the reason for the difference is that they effectively used a density of states for Ni that is about six times smaller than the density of states in Nb, and the crossover in their fit occurs at d F ≈ 0.3 nm, while our fit hits the experimental crossover at d F = 1.2 nm. Kim et al. obtain exchange energies four times higher than we get when we fit their data because they effectively used a density of states for F that is about four times smaller than their density of states for Nb.
IV. CONCLUSIONS
Using the standard free-electron theory of the F/S proximity effect to interpret T c vs. scale, ξ F0 , is the typical distance traveled by a Cooper pair in F before returning to S, which is the back-and-forth transit distance (≈ 3d cr F ) for a pair multiplied by the times it must bump into the F/S interface before getting back into S. Thus, ξ F0 is typically a factor of 5 to 10 larger than d cr F . That E ex is smaller than previously thought has implications for interpretation of other measurements, e.g. Josephson coupling vs. d F in S/F/S' trilayers.
A possible reason for weakened pair-breaking is spin-orbit scattering, which has been considered theoretically. 1, 33 The effect of the exchange energy on Cooper pairs is essentially the same as the pair-breaking Zeeman effect of a magnetic field, B, on Cooper pairs, which has a pair-breaking rate, 1/τ S = 2µ B B/ , when spin-orbit scattering is negligible. But when spin-orbit scattering is strong, the pair-breaking rate is reduced by a factor of µ B B/( /τ so ). 34 We propose that this mechanism is part of the explanation, with E ex in place of 2µ B B.
Finally, our analysis finds that Cooper pairs must strike the F/S interface several times before getting through. The CoFe/Nb and Py/Nb interfaces are a little more transparent than the Ni/Nb interface.
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